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We study in this paper the phase transition in superlattices formed by alternate
magnetic and ferroelectric layers, by the use of Monte Carlo simulation. We study
effects of temperature, external magnetic and electric fields, magnetoelectric coupling
at the interface on the phase transition. Magnetic layers in this work are modeled as
thin films of simple cubic lattice with Heisenberg spins. Electrical polarizations of
±1 are assigned at simple cubic lattice sites in the ferroelectric layers. The transition
temperature, the layer magnetizations, the layer polarizations, the susceptibility, the
internal energy, the interface magnetization and polarization are calculated. The
layer magnetizations and polarizations as functions of temperature are shown for
various coupling interactions and field values. Mean-field theory is also presented
and compared to MC results.
PACS numbers: 05.10.Ln,05.10.Cc,62.20.-x
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I. INTRODUCTION.
The study of phase transitions, surface effects and critical phenomena in superlattices
or multilayered magnetic nanofilms has been rapidly developed during the last two decades
(see reviews1–5). Such high interest in this area was stimulated by the fact that super-
lattices of nanofilm and multiferroics possess a number of unique properties which have a
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2broad area of applications in nanoelectronics, spintronics2,6–11 and devices using the giant
magnetoresistance phenomenon1,3,12.
With modern technologies it is possible to create superlattices and multilayer nanofilms
as thin as a few atomic layers from the crystal structures with magnetic and ferroelectric
orderings. These structures are able to manifest magnetoelectric effects which are known to
be the result of interactions between magnetic and ferroelectric subsystems. It should be
noted that the study of magnetoelectric effects in these systems draws a great fundamental
interest for their special features, such as size dependence of magnetic and ferroelectric
order parameters and other characteristics6,7,13,14. For example, it has been shown that the
change from the bulk values for films of a few dozens of monolayers (d ≥ 10 nm) to the
two-dimensional values for films thinner than 4-6 monolayers (d ≤ (1− 2) nm)3,13.
In Ref. 15 it was shown that in heterostructures with magnetic and ferroelectric ma-
terials, the magnetoelectric effect induced by an external electric field is observed at the
interface layer. This effect is accompanied by the appearance of an antiferromagnetic phase
at the interface as well as with the change in the critical temperature of the magnetic layer.
This has been observed experimentally in La0.87 Sr0.13 Mn O3 /Pb Zr0.52 Ti0.48 O3
16 at certain
concentrations of manganite. In the work Ref. 17 with Monte Carlo (MC) simulation for
a two-layer film with the structure La Sr Mn O /Pb Zr Ti O, phase transitions have been in-
vestigated and the correctly describing model has been proposed. A multi-sublattice model
has been introduced to explain magnetic properties of compounds R2 Fe17,Ho2 Fe11 Ti and
Tb Mn6 Sn6
18–20.
On theoretical points of view, one of the most studied systems for the layered magnetic
structure was concentrated on the magnetic properties of magnetic bilayer21. Wei Wang et
al.22 have studied a ferrimagnetic mixed spin (1/2, 1) Ising double layer superlattice: they
have shown the effects of the exchange coupling and the layer thickness on the compensation
behavior and magnetic properties of the system, by MC simulation. Some interesting phe-
nomena have been found, such as various types of magnetization curves, originating from
the competition between the exchange coupling and temperature. In Ref. 23 the phase
diagram and magnetic properties of the mixed spin (1, 3/2) Ising ferroelectric superlattices
with alternate layers have been investigated by means of MC simulation. It should be noted
that they also investigated superlattice of only two ferroelectric layers with antiferroelec-
tric interfacial interaction between layers, within the transverse Ising model. They found a
3number of interesting phenomena, such as the existence of the compensation temperature
or transverse field to compensate the specific ranges of exchange interactions.
Note that MC methods based on the Metropolis algorithm, as well as other algorithms
have proven to be successful in describing physical properties of magnetic systems of differ-
ent spatial dimensions. They revealed particular features of the phase transitions in these
systems24. In Refs. 3, 25, 26 and 27 numerical studies of size effects in critical properties of
the Heisenberg multilayer films with MC methods were conducted. For films of varying thick-
ness an anisotropy induced, for example, by the crystalline field of the substrate, was taken
into account. The precise calculation of critical indices was carried, the values of which have
clearly demonstrated the dimensional transition from two-dimensional to three-dimensional
properties of the films with increasing number of layers.
In this paper the methodology for Heisenberg multilayer films simulations1,24 is used
for the MC simulation and the calculation of magnetic properties of multiferroic super-
lattices. Although previous valuable theoretical, numerical and experimental studies have
been done, more research is still needed to further understand the magnetic, ferroelectric
and thermodynamic properties of the superlattice. Our investigation is motivated by the
fact that superlattices with magnetic and ferroelectric materials present great opportunities
of applications in spintronics.
In the present paper, we will thus study the effects of the magnetoelectric coupling and
the external magnetic and electric fields on the magnetic properties of the multiferroic su-
perlattice shown in Fig. 1.
FIG. 1: Schematic representation of the superlattice: alternate ferroelectric and magnetic films.
4The paper is organized as follows. The model of the superlattice is presented in sec-
tion II, where we summarize the principal steps used in the calculation of the ground-state
configurations of the system. Section III shows the MC results of energy, layer magnetiza-
tions, susceptibilities and layer polarizations. Section IV shows results of another choice for
interface coupling. The mean-field (MF) theory is shown in section V. Concluding remarks
are given in section VI.
II. MODEL AND GROUND STATE
A. Model
We consider a multilayer multiferroic films composed of Lmz ferromagnetic layers and L
f
z
ferroelectric layers alternately sandwiched in the z direction (see Fig. 1). Each xy plane
has the dimension L × L. The lattice sites of the magnetic layers of this superlattice are
occupied by interacting Heisenberg spins ~S, while the lattice sites of the ferroelectric layers
are occupied by interacting polarizations ~P = ±1 along the z axis. Our system thus consists
of a L × L × Lz sites where Lz = Lmz + Lfz . We assume periodic boundary conditions in
all directions to reduce surface effects. We assume interactions between ferroelectric and
magnetic systems at their interfaces. The Hamiltonian of the system is defined as follows:
H = Hm +Hf +Hmf , (1)
The first term is the Hamiltonian of the magnetic subsystem, the second - of the ferro-
electric subsystem, the third term is the Hamiltonian of their interaction. We assume
Hm = −
∑
i,j
Jmij
~Si · ~Sj −
∑
i
( ~H · ~Si) (2)
here Jmij > 0 characterizes the ferromagnetic interaction between one spin and its nearest
neighbors (NN). We consider it to be the same for NN within a layer and NN in adjacent
layers. ~Si is the classical Heisenberg spin occupying the i-th site. ~H is an applied magnetic
field along the +z direction. For the ferroelectric subsystem we write
Hf = −
∑
i,j
JfijPi Pj −
∑
i
Pi E
z (3)
5where Pi is the polarization along the z axis at the i-th site assumed to have only two values
±1 (Ising-like model), Jfij > 0 denotes the NN ferroelectric interaction, similar for all NN.
Ez > 0 is the external electric field applied along the +z axis perpendicular to the plane of
the layers.
The magnetic interface layer creates at a site k of the ferroelectric interface an effective
field H(k) along z axis which is
H(k) = −Jmf1
∑
i,j
~Si · ~Sj − Jmf2
∑
i,j
~Si · ~Sj, (4)
so that the energy of interface magnetoelectric interaction of the polarization at the site k
can be written as
Hmf (k) = H(k) Pk, (5)
In this expression Jmf1 is the interaction parameter between the electric polarization compo-
nent Pk at the interface ferroelectric layer and its NN spin on the adjacent magnetic layer.
Jmf2 is the interaction parameter between the electric polarization component Pk at the
interface ferroelectric layer and the next NN spin on the adjacent magnetic layer. These
interactions are shown schematically in the Fig. 4.
FIG. 2: Schematic representation of magnetoelectric interactions at the interface between magnetic
and ferroelectric layers.
6Note that the interface coupling described by Eq. (5) is a scalar spin field acting on an
electric polarization. Later, in section IV we will suppose another form for the coupling: a
scalar polarization field acting on the z spin component.
B. Ground state
Let us take positive Jmij and J
f
ij so that magnetic layers are ferromagnetic and ferroelectric
layers have parallel polarizations, in the ground state.
The relative orientation between two adjacent magnetic and ferroelectric layers depends
on the signs of Jmf1 and Jmf2. There are two simple cases:
i) if they are both positive, then spins and polarizations are parallel in the ground state
(GS)
ii) if they are negative, then spins are antiparallel to polarizations in the GS.
The complicated case occurs when Jmf1 and Jmf2 have opposite signs. In this case, there
is a competition between them which gives rise to some degree of frustration. For example,
when Jmf1 > 0 and Jmf2 < 0 we have the situation where NN interaction wants ~S and ~P to
be parallel, while the NNN interaction wants them to be antiparallel. Depending on their
respective amplitudes, one configuration wins over the others.
Let us write the GS energy of a spin at the interface in zero fields
E1 = −Z1Jm − Z2Jmf1 − Z3Jmf2 (6)
where the coordination numbers are Z1 = 4, Z2 = 1, Z3 = 4 for a simple cubic lattice.
For Jmf1 < 0, the four spin configurations (see Fig. 3)
E1 = −Z1Jm − Z2|Jmf1| − Z3|Jmf2| (7)
E2 = −Z1Jm + Z2|Jmf1| − Z3Jmf2 (8)
E3 = −Z1Jm − Z2|Jmf1|+ Z3Jmf2 (9)
E4 = +Z1J
m − Z2|Jmf1| − Z3Jmf2 (10)
where E1 is the energy of the state where all spins are down, all polarizations are up with
Jmf2 < 0 (Fig. 3a). Other energies correspond to the spin configurations shown in Fig. 3:
E2 to Fig. 3b with Jmf2 > 0, E3 to Fig. 3c with Jmf2 > 0 and E4 to Fig. 3d with Jmf2 > 0.
7FIG. 3: Ground state spin configurations with energies from E1 to E4 (a to d, respectively)
depending on the interface interactions between magnetic and ferroelectric layers. Lower black
circles are P = 1 (up), upper black circles are up spins, red circles are down spins.
The system will choose the GS depending on the values of Jmf1 and Jmf2. For simplicity,
let us confine ourselves to GS configurations where all magnetic spins are parallel and all
polarizations are parallel, i. e. the first three configurations. This choice is possible if the
intralayer interactions Jm > 0 and Jf > 0 are sufficiently strong.
The state E1 is chosen if
E1 < E2, E1 < E3, E1 < E4 (11)
Solving these inequalities we have
Jmf2 < 0, |Jmf1| < Z1J
m − Z3Jmf2
Z2
, |Jmf1| > 0 (12)
namely,
Jmf2 < 0, |Jmf1| < 4(Jm − Jmf2), Jmf1 < 0 (13)
Now we suppose Jmf2 > 0 then the GS will change to E2. The critical value of Jmf2 and
Jmf1 are determined by solving
E2 < E1, E2 < E3, E2 < E4 (14)
We have
Jmf2 > 0, Jmf1 <
Z3J
mf2
Z2
, |Jmf1| < Z1J
m
Z2
(15)
8namely,
Jmf2 > 1/4|Jmf1|, Jmf2 > 0, |Jmf1| < 4Jm (16)
The GS is E3 if we have
E3 < E1, E3 < E4, E3 < E2 (17)
We get
|Jmf1| > 0, Jmf2 < Z2|Jmf1|
Z3
, Jmf2 <
Z1J
m
Z3
(18)
or
Jmf2 < 1/4|Jmf1|, Jmf2 < Jm, |Jmf1| > 0 (19)
In MC simulations shown below, care should be taken to choose the right GS according to
values and signs of the interface interactions to avoid metastable states at low temperatures
(T ).
Note that we have taken Jmf1 < 0 in the above spin configurations. This is intended
to have spins antiparallel to the magnetic field applied in the +z direction so as to have a
phase transition at a temperature with a finite field.
III. MONTE CARLO SIMULATION
For MC simulations we use the Metropolis algorithm and a sample size L× L× Lz with
L = 40, 60, 80, 100 for detection of lateral size effects and Lz = 8, 16, 12, 24 for thickness
effects. When we investigate the effects of the magnetoelectric coupling on the magnetic,
ferroelectric and interface properties, for simplicity we take the same size and thickness for
the ferroelectric and magnetic layers (for example if Lz = 8 - it means L
m
z = 4 magnetic
layers and Lfz = 4 ferroelectric layers). Exchange parameters between intralayer spins and
intralayer polarizations are taken to be Jm = Jf = 1 for the simulation.
For MC simulation we perform the cooling from the disordered phase: electrical polariza-
tions of ±1 are randomly assigned at lattice sites in the ferroelectric layers, in the z direction.
In the ferromagnetic layers spins with |~S| = 1 are also randomly assigned in any direction,
following in the spatial uniform distribution. At each T , new random ~Si and Pi were chosen,
and the energy difference caused by this change is calculated. This change is accepted or
rejected according to the Metropolis algorithm. In order to ensure the convergence of the
observables, the lattice is swept 100000 times, where each time is considered as one MC step
9(MCS) that can be taken as the time scale of simulations. The observables of interest such
as the averages of layer electric polarizations P , and layer magnetization M , are calculated
over the following 50000 MCS. These quantities are defined as
P (n) =
1
L2
〈|∑
i∈n
Pi|〉 (20)
M(m) =
1
L2
〈|∑
j∈m
~Sj|〉 (21)
where 〈...〉 is the time average, and the sums on i and j are performed over the lattice sites
belonging to the ferroelectric layer n and the lattice sites belonging to the magnetic layer
m, respectively. The process is repeated for a lower T down to the desirable lowest one. We
also perform the heating, starting from the GS spin configuration.
A. Zero fields
Monte Carlo results for energy, magnetization and polarization and their susceptibilities
obtained by heating the system from the initial spin configuration of GS energy E1 are
shown in Fig. 4. Of course, starting from different initial spin configurations which are not
the GS will lead to the same thermodynamic equilibrium but the equilibrating time is longer
in particular at low T .
MC results for energy, magnetization and polarization and their susceptibilities obtained
by heating the initial spin configurations of energy E2 are shown in Fig. 5. For E3, the
results are qualitatively similar (not shown). respectively.
The above figures show that the energy and other physical quantities well behave at low
T (no metastability) if we choose the correct GS according to the interface interaction. Note
that the ferroelectric films undergo a phase transition at a temperature higher than that of
the magnetic films. This is due to the Ising-like nature of the ferroelectric polarizations (in
the bulk, the transition temperature is inversely proportional to N , the spin components,
∼ 1/N). Also, the interface layers have lightly smaller order parameter than those inside
the films.
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FIG. 4: (a) Energy versus T . Red line: energy for total superlattice, green line: energy of magnetic
layers, blue line: energy of ferroelectric layers ; (b) Magnetization and polarization versus T . Red
line: magnetization of interface magnetic layers, green line: magnetization of interior magnetic
layers, blue line: polarization of interface ferroelectric layers, purple line: polarization of interface
ferroelectric layers ; (c) Susceptibilities versus T , with the same color code. Jm = 1, Jmf1 =
−0.15, Jmf2 = −0.135 corresponding to the GS with energy E1.
B. Particular Case Jmf1 = Jmf2
In this section we present the results of the MC simulations in the particular case where
Jmf1 = Jmf2. We will compare these results with results from the MF theory.
Results for the temperature dependence of layer magnetizations, polarizations, and sus-
ceptibilities of the system are shown in Fig. 6 for Jm = Jf = 1, Jmf = Jmf1 = Jmf2 =
−0.15,−0.55. For Jmf , these curves present a sharp second-order transitions at Tmc ' 1.32
for magnetic layers and T fc ' 1.84 for ferroelectric layers.
The results with an external magnetic field Hz = 0.7 are shown in Fig. 7 for the order
11
FIG. 5: (a) Energy versus T . Red line: energy for total superlattice, green line: energy of magnetic
layers, blue line: energy of ferroelectric layers ; (b) Magnetization and polarization versus T . Red
line: magnetization of interface magnetic layers, green line: magnetization of interior magnetic
layers, blue line: polarization of interface ferroelectric layers, purple line: polarization of interface
ferroelectric layers ; (c) Susceptibilities versus T , with the same color code. Jm = 1, Jmf1 =
−0.15, Jmf2 = 0.8 corresponding to the GS with energy E2.
parameters. We can see that in this case the magnetic subsystem does not undergo a phase
transition as a ferromagnet in a field. On the contrary, there is a second-order transition for
ferroelectric layers at Tc ' 1.84.
With increasing Jmf , the system undergoes a first-order transitions. Fig. 8 shows the
total magnetization M and susceptibility versus T for several values of Jmf in the cross-over
region from second to first order. The second-order phase transitions starts at Jmf = 0 with
Tc ≈ 2.456, it decreases as Jmf increases.
We show in Fig. 9 the case of Jmf = −9.5 where one can observe a discontinuity at the
transition temperature Tc ' 3.45 for the interface magnetic layer and Tc ' 3.49 for the
interface ferroelectric layer. Only layer 1 and 4 for magnetic and ferroelectric systems have
a phase transition. Their order parameters strongly fall down at the transition temperature.
12
FIG. 6: (a) Temperature dependence of layer magnetizations and layer polarizations, (b) layer
susceptibilities, in the case Jm = 1, Jf = 1, Jmf = −0.15, Hz = Ez = 0, L = 40, Lz = 8.
Blue squares for the first layer and fourth magnetic layers (interface layers), black circles for the
second and third (interior magnetic layers), magenta squares for the first and fourth (interface)
ferroelectric layers, red for the second and third interior ferroelectric layers, respectively. Jmf1 =
Jmf2; (c) Temperature dependence of layer magnetizations and polarizations for J
m = 1, Jf = 1,
Jmf = −0.55, Hz = Ez = 0, |~S| = 1, P = ±1. The coupling used is Eq. (24). Red and green lines
are for magnetic interface and inner layers, magenta (blue) line for the interface (inner) ferroelectric
layer.
This result is confirmed by several independent simulations. We calculate the transition
temperature as a function of Jmf . We keep Jmf constant, change the temperature and we
take the transition temperature at the peak of the magnetic and ferroelectric susceptibility
χ. Note that for the strong interface coupling Jmf = −9.5, the interface order (black and
blue curves in Fig. 9b) is so strong that it acts on the interior layer as an external field
which does not allow the interior layer order parameter to go to zero: as a consequence, the
interior layer undergoes only a smooth change of curvature at T ' 1.5 and falls to zero with
the interface magnetic layer at Tc ' 3.45 (see red curve in Fig. 9b).
The results for the transition temperature Tc are shown in Fig. 10 as a function of Jmf .
One can see that the transition temperature increases when we increase the values of |Jmf |.
13
FIG. 7: Temperature dependence of layer magnetizations and layer polarizations in case Jm = 1,
Jf = 1, Jmf (= Jmf1 = Jmf2) = −0.15, Hz = 0.7 and Ez = 0, L = 40, Lz = 8. Blue squares for
the first layer and fourth magnetic layers (interface layers), black circles for the second and third
(interior magnetic layers), magenta squares for the first and fourth (interface) ferroelectric layers,
red for the second and third interior ferroelectric layers, respectively.
FIG. 8: Temperature dependence of the total magnetization and susceptibility in case Jm = 1,
Jf = 1, Jmf = −1,−3,−5.5, Hz = Ez = 0, L = 40, Lz = 8. Red lines for Jmf = −5.5, black lines
for Jmf = −3, green lines for Jmf = −1.
Tc has a maximum at Jmf = −8.5. The second-order phase transition starts at Jmf = 0 and
becomes a first-order phase transition below Jmf = −9 (see Fig. 9 for Jmf = −9.5).
14
FIG. 9: (a) Energy, layer magnetization (inset) versus T ; (b) Interface layer magnetization (blue
+), interior layer magnetization (red squares), interface polarization (black X) and interior layer
polarization (magenta X overlapped under red squares), versus T . Jm = 1, Jf = 1, Jmf = −9.5,
Hz = Ez = 0 L = 40, Lz = 8.
IV. ANOTHER MODEL OF INTERFACE INTERACTION
Let us show some results for the another model of magnetoelectric interaction given in
the form
H1mf = −Jmf
∑
i,j,k
PiPjS
z
i (22)
We show in Fig. 12 layer magnetizations and polarizations as functions of interface cou-
pling Jmf For small values of the magnetoelectric interaction, magnetic and ferroelectric
layers undergo phase transitions of different orders: magnetic layers undergo a phase tran-
15
FIG. 10: Phase diagram in T − Jmf plane. Here Jm = 1, Jf = 1, Hz = Ez = 0.
sition of the first order, while ferroelectric layers undergo a the second-order transition, at
temperatures Tc ≈ 0.63 and Tc ≈ 1.52, respectively.
With an increase of the magnetoelectric interaction Jmf between the magnetic and
ferroelectric subsystems, an unusual phenomenon is observed: the interface layers after
Jmf = −3.5 undergo phase transitions of the first order. Note that in the model considered
at the beginning of this article this occurs at large values of Jmf = −9.5. This is shown in
Fig. 12a for the magnetic subsystem and in the inset for the ferroelectric layers.
For the inner layers of the magnetic subsystem, as the parameter Jmf increases, the type
of transition changes (Fig. 12b).
Phase diagram in Fig. 13a shows the effect of Jmf on the transition temperature of the
interface magnetic and ferroelectric layers. One can see that the transition temperature
increases as the absolute value of Jmf increases. At Jmf = −3 and below the transition
temperatures for the magnetic and ferroelectric layers become distinct.
Phase diagram in Fig. 13b shows the effect of the external electric field E on the transition
temperature of the interface magnetic and ferroelectric layers. One finds that the transition
temperature is almost unchanged when we increase Ez up to Ez = 0.5. For large values of
|Jmf | (Jmf− 3) the transition temperature is not sensitive to Ez.
Figure 11 shows the effect of the competition between the magnetoelectric interaction
and the external electric field. With moderate magnetoelectric interaction (Jmf = −2.5), we
can remark that the interface ferroelectric layer undergoes a second-order phase transition at
Tc = 1.77, the magnetic layers undergo a second-order phase transition at Tc = 1.64. When
we include an external electric field, both subsystems undergo a first-order phase transition
16
FIG. 11: Temperature dependence of layer magnetizations and polarizations for Jm = 1, Jf = 1,
Jmf = −2.5, Hz = 0, with Ez = 0 (top) and Ez = 0.5 (bottom). The coupling is given by H1mf (Eq.
22). Color code: magenta (or purple) lines for the first layer and fourth magnetic layers (interface
layers), blue lines for the second and third (interior magnetic) layers. Green lines for the first and
fourth (interface) ferroelectric layers, red lines for the second and third interior ferroelectric layers,
respectively.
at the same temperature Tc = 1.5.
If the magnetoelectric interaction has a large value and the external electric field is zero,
we have seen above that the interface magnetic and ferroelectric layers undergo a first-order
phase transition. The inner magnetic layer undergoes a second-order phase transition while
the internal ferroelectric layers are not subject to a phase transition. Now if we apply an
electric field for instance Ez = 0.5, the inner ferroelectric layers undergo a second-order
phase transition (not shown).
To conclude this section, let us emphasize that beyond the two models for interface
coupling studied above, the Dzyaloshinskii-Moriya interface interaction of the form Jmf ~Pk ·
(~Si×~Sj) may induce unexpected phenomena at the magneto-ferroelectric interface28,29. Work
is under way to investigate this coupling model.
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FIG. 12: (a) Temperature dependence of interface layers of magnetic and ferroelectric films (inset)
for Jm = 1, Jf = 1, Hz = Ez = 0. Red line for the case Jmf = −0.25, green line for Jmf = −0.5.
Blue points: Jmf = −2.5, light blue points: Jmf = −3.5, black points: Jmf = −7; (b) Temperature
dependence of interior layers of magnetic and ferroelectric films (inset) with the same parameters
and color code. The coupling is given by H1mf .
V. MEAN-FIELD THEORY
Let us show some analytical results obtained by us using the mean-field (MF) theory for
the Hamiltonian
H = Hm +Hf +Hmf , (23)
where
Hmf = −Jmf
∑
i,j,k
~Si · ~SjPk, (24)
We consider the spin at the site i and ferroelectric polarization at the site l. We can write
their local fields from the NN as
18
FIG. 13: (a) Phase diagram in T − Jmf plane. Here Jm = 1, Jf = 1, Hz = Ez = 0. Red line
and black line are for the ferroelectric critical temperature and the magnetic critical temperature,
respectively. The coupling is given by H1mf ; (b) Phase diagram in T −E plane (E stands for Ez).
Here Jm = 1, Jf = 1, Hz = 0, Jmf = −3.5.
Hi = −Jm
∑
~p
~Si · ~Si+p − ~H · ~Si − Jmf
2
δi,4Pi+1
∑
~p
~Si · ~Si+p (25)
Hl = −Jf
∑
~p
PlPl+p − EzPl − Jmf
2
δl,5
∑
~p
Pl~Sl−1 · ~Sl+1+p (26)
or
Hi = −H¯Szi (27)
Hl = −H¯2Pl (28)
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here
H¯ = ξi(〈Sz〉+ 〈∆Sz〉) +Hz (29)
H¯2 = JfC3(〈Pz〉+ 〈∆Pz〉)− Jmf
2
δl,5C2S
z
l−1(〈Sz〉+ 〈∆Sz〉) + Ez (30)
ξi = JmC1 − Jmf
2
δi,4C2Pi+1 (31)
where for notation convenience we write Pz instead of P .
We choose the z axis for the spin quantization axis. The average value of the xy spin
components are then zero since the spin precesses circularly around the z axis:
〈Sxi+p〉 = 〈Syi+p〉 = 〈Sxl−1+p〉 = 〈Syl−1+p〉 = 0 (32)
〈Sz〉+ 〈∆Sz〉 =
∑S
Szi =−S S
z
i exp(−βHi)
Zi
(33)
where the partition function is
Zi =
S∑
Szi =−S
exp(−βHi) =
S∑
Szi =−S
Szi exp(−βH¯Szi ) (34)
Zi =
sinh(βH¯(S + 1
2
))
sinh(1
2
βH¯)
(35)
where
S = |~Si| (36)
We obtain
〈Sz〉+ 〈∆Sz〉 = BS(βSH¯) (37)
here BS(βSH¯) is the Brillouin function defined by
BS(βSH¯) =
2S + 1
2S
coth(
(2S + 1)βSH¯
2S
)− 1
2S
coth(
βSH¯
2S
) (38)
If Hz is very weak, we can suppose that 〈∆Sz〉 → 0 and in such a case we can expand
the Brillouin function near x0 = βξiS〈Sz〉
〈∆Sz〉 = S
kBT
(SHz + Sξi〈∆Sz〉)∂BS(x0)
∂x0
(39)
If Hz = 0 then
〈Sz〉 = SBS(x0) (40)
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At high temperature β〈Sz〉  1 and
BS(βSH¯) ≈ S + 1
3S
βSH¯ − [S
2 + (S + 1)2](S + 1)
90S3
(βSH¯)3 + +O((βSH¯)5) (41)
The previous equation becomes
〈Sz〉[ξiS(S + 1)
3kBT
− 1] = S(S + 1)[S
2 + (S + 1)2]
90
(
ξi
kBT
)3(〈Sz〉)3 (42)
This equation has a solution 〈Sz〉 6= 0 only if
(2JmC1 + Jmfδi,4Pi+1C2)S(S + 1)
6kBT
− 1 > 0 (43)
namely
T <
2JmC1 + Jmfδi,4Pi+1C2S(S + 1)
6kB
= Tc (44)
for Hl we can write in the same manner the MF equations, and one can obtain for 〈P z〉 +
〈∆P z〉
〈P z〉+ 〈∆P z〉 = PBP (βPH¯2) (45)
where BP (βPH¯2) is the Brillouin function defined by
BP (βPH¯2) =
2P + 1
2P
coth(
(2P + 1)βPH¯2
2P
)− 1
2P
coth(
βPH¯2
2P
) (46)
In zero applied electric field we can write
〈P z〉 = PBP (y0) (47)
here
y0 =
1
kBT
(JfC1P 〈P z〉+ y1(〈Sz〉) + 〈∆Sz〉) (48)
y1 = Jmf
P
2
C2δl,5S
z
l−1 (49)
At high temperature, 〈P z〉 = PBP (y0) becomes
〈P z〉 = P + 1
kBT
(JfC3P 〈P z〉) + y1(〈Sz〉 − 〈∆Sz〉)
−(P
2 + (P + 1)2)(P + 1)
90P 3
(
JfC3P 〈P z〉
kBT
+ y1(〈Sz〉 − 〈∆Sz〉)3) (50)
For our superlattice we can obtain for each layer the following system of equations
〈Sz1,4〉+ 〈∆Sz1,4〉 = SBϕ1−4 + SUψ1−4 (51)
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Bϕ1−4 = BS((
JmSC1
kBT
+
JmfSC2
kBT
〈P z5,8〉)〈Sz1,4〉+
JmS
kBT
〈Sz2,3〉) (52)
Uψ1−4 = (
JmSC1
kBT
+
JmfSC2
kBT
〈P z5,8〉)〈∆Sz1,4〉+
HS2
kBT
)
∂BS(u)
∂u
(53)
u = (
JmSC1
kBT
+
JmfSC2
kBT
〈P z5,8〉)〈Sz1,4〉 (54)
〈Sz2〉+ 〈∆Sz2〉 = SBϕ2 + SUψ2 (55)
Bϕ2 = BS(
JmSC1〈Sz2〉
kBT
+
JmfS〈Sz1,4〉〈P z7,8〉
kBT
+
JmS〈Sz3〉
kBT
) (56)
Uψ2 = −S2(
JmC1〈∆Sz2〉
kBT
+
H
kBT
)
∂BS(
JmSC1〈Sz1,4〉
kBT
)
∂(
JmSC1〈Sz1,4〉
kBT
)
(57)
〈Sz3〉+ 〈∆Sz3〉 = SBϕ3 + SUψ3 (58)
Bϕ3 = BS(
JmSC1〈Sz3〉
kBT
+
JmfS〈Sz2〉〈P z7,8〉
kBT
+
JmS〈Sz1−4〉
kBT
) (59)
Uψ3 = −S2(
JmC1〈∆Sz3〉
kBT
+
H
kBT
)
∂BS(
JmSC1〈Sz1,4〉
kBT
)
∂(
JmSC1〈Sz1,4〉
kBT
)
(60)
〈P z5,8〉+ 〈∆P z5,8〉 = PBϕ5,8 + PUψ5,8 (61)
Bϕ5,8 = BP (
JfPC3〈P z5,8〉
kBT
+
JmfPC2(〈Sz1,4〉)2
kBT
+
JfP 〈P z6 〉
kBT
) (62)
Uψ5,8 = −P 2(
JfC3〈∆P z5,8〉
kBT
+
JmfC2(〈Sz1,4〉)2
kBT
+
E
kBT
)
∂BP (v)
∂v
(63)
v =
JfPC3〈P z5,8〉
kBT
+
JmfPC2(〈Sz1,4〉)2
kBT
(64)
〈P z6 〉+ 〈∆P z6 〉 = PBϕ6 + PUψ6 (65)
Bϕ6 = BP (P (
JfC3〈P z6 〉
kBT
+
JmfP (〈Sz1,4〉)2
kBT
+
Jf〈P z7 〉
kBT
)) (66)
Uψ6 = −P 2(JfC3〈∆P
z
6 〉
kBT
+
E
kBT
)
∂BP (
JfPC3
kBT
)
∂(
JfPC3
kBT
)
(67)
〈P z7 〉+ 〈∆P z7 〉 = PBϕ7 + PUψ7 (68)
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Bϕ7 = BP (
JfPC3〈P z7 〉
kBT
+
JmfP (〈Sz1,4〉)2
kBT
+
JfP 〈P z6 〉
kBT
) (69)
Uψ7 = −P 2(JfC3〈∆P
z
7 〉
kBT
+
E
kBT
)
∂BP (
JfPC3
kBT
)
∂(
JfPC3
kBT
)
(70)
Figure 14 shows the effect of the magnetoelectric interaction on the temperature de-
pendence of the polarization and the magnetization, for both the interface and the inner
layer. In the MF theory, the magnetization and ferroelectric polarization coincide if their
amplitudes are the same. This is because the xy spin components are neglected, making
Heisenberg spins S equivalent to Ising spins P .
If we compare Figs. 14 and 4-6 one can see an agreement between MC and MF theory
that the interface order parameter depends strongly on the interface coupling and have
different value from that of the interior layers.
If we take |P | = 1.5 we see different transition temperatures for magnetic and ferroelectric
films as seen in Figure 15.
VI. CONCLUSION
We have studied in this paper the effects of the temperature, external magnetic and elec-
tric fields, the magnetoelectric coupling in a multiferroic superlattice formed by alternating
magnetic and ferroelectric films. Magnetic films in this work were modeled as films of simple
cubic lattice with Heisenberg spins. Electrical polarizations of values ±1 were assigned at
each lattice site in the ferroelectric films.
We have studied these superlattices with MC simulations and with a MF theory. Various
physical quantities have been obtained to identify and characterize the phase transition in
each subsystem as functions of temperature T , interface coupling parameter and applied
magnetic and electric fields. Two models of interface coupling have been considered. The
MC and MF calculations agree with each other with regard to the interface order parameters.
Among our MC results let us mention the change of the nature of the phase transition
when the interface coupling parameter changes. Various phase diagrams have been estab-
lished which show that magnetic and ferroelectric phase transitions are closely connected.
The interface magnetic and ferroelectric layers have distinct behaviors compared to the inner
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layers. This is known when there is a loss of translation invariance such as the presence of
an impurity, a surface or an interface.
We have worked out a laborious mean-field formalism for superlattices. The application
of this in this paper was intentionally limited, but there are wider applications in many
system geometries and in various interacting films such as ferri-electric superlattices and
frustrated superlattices which have not been considered here.
To conclude, let us emphasize that we have studied in this work two models for in-
terface coupling. Other models of interface magneto-ferroelectric coupling such as the
Dzyaloshinskii-Moriya interaction may induce unexpected phenomena at the magneto-
ferroelectric interface. Work is under way to investigate this coupling model.
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FIG. 14: Mean-field results with Jmf1 = Jmf2 ≡ Jmf (a) Temperature dependence of the magne-
tization and polarization in the case Jm = 1, Jf = 1, Jmf = −0.12, Hz = Ez = 0. Red lines for
the interface P and M , green line for the inner layers M2,3 and P2,3; (b) Temperature dependence
of the magnetization and polarization in the case Jm = 1, Jf = 1, Jmf = −0.55, Hz = 0 and
Ez = 0. Red lines for the interface P and M , green lines for the inner layers M2,3 and P2,3;
(c) Temperature dependence of the magnetization and polarization in the case Jm = 1, Jf = 1,
Jmf = −0.85, Hz = Ez = 0. Red lines for the interface P and M , green lines for the inner layers
M2,3 and P2,3. |~S| = |P | = 1.
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FIG. 15: Temperature dependence of the magnetization and polarization for |~S| = 1, |P | = 1.5.
Jm = −1, Jf = 1, Jmf = −0.12, Hz = Ez = 0. Red lines for the interface P , gold line for interface
M , blue line for inner layers M2,3 and green line for inner layers P2,3.
